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Abstract
We use elementary descriptive methods to extend the Boy–Izumiya–Marar (extrinsic) Euler characteristic formula for the image
of a compact 2-manifold mapped into a 3-manifold subject to regularity conditions at the singular points of the mapping. In addition
to Boy’s “terminating double points” and triple points we allow stable conical singularities which occur generically in focal surfaces
(i.e., Lagrangian critical images) and in pedal surfaces in Euclidean 3-space. As a consequence we derive a Morse theoretic formula
for this extrinsic Euler characteristic in terms of a height function, and its extrinsic Morse indices.
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1. Introduction
In this paper we will compute the (extrinsic) Euler characteristic of an image surface in terms of a particular global
“parametrization”, j :M → N . In general, there are many topologically distinct parametrizations of a given singular
surface. Here we will consider parametrizations which satisfy regularity conditions naturally encountered in C∞-
singularity theory and Differential Geometry. Specifically, we describe a relationship between the Euler characteristics
of a compact 2-manifold M , and its image in a 3-manifold N , subject to regularity conditions on the mapping, j :M →
N (Theorem 1, Corollary 2). Note that in general there may be alternative regular or irregular “parametrizations”
j ′ :M ′ → N with the same image S , but χ(M) = χ(M ′) [13]. Our applications will exploit this ambiguity.
The singularities in j will consist of: terminating double points, triple points, and four types of conical singularities.
These conical singularities arise naturally as sets in “stable” geometric constructions (e.g., the focal and pedal images).
As an application we compute the above extrinsic Euler characteristic via a “height” function h :N → R. The latter
requires specialized “Morse indices” at the conical singularities. Our methods are descriptive C◦-simplicial topology.
However, the regularity conditions are best motivated in a C∞-setting. To this end the remainder of the introduction
is motivational, and provides a historical perspective for our results. In Section 2, we use these historical precedents
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to provide an “axiomatic” description for the class of surface parametrizations considered in Theorem 1. Section 3
contains applications with examples.
The history of our topic begins with Boy’s paper [3]. This seminal work on the descriptive topology of compact
surfaces mapped into 3-manifolds j :M → N , utilizes the insightful assumption that the only “stable” topological
singularities in the image j (M) ⊂ N are pairs of terminating double points T 2P (Fig. 1) and triple points 3P ⊂ M
(Fig. 2). This implies the image surface is sufficiently regular to have a well-defined Euler characteristic. A heuristic
argument led to a relation between the Euler characteristic of M , and its image
(1)χ(j (M))= χ(M)+ (T 2P)/2
( denotes cardinality of a finite set). Due to the passage of time, Boy’s exposition is difficult to follow, and (1) holds
only if 3P = 0.
To illustrate Boy’s insight recall that after Whitney, we now know that in the C∞-topology, a generic mapping j :
is immersive except at an even number of Whitney Umbrella points W ⊂ M ; has a finite number of transverse triple
points 3P ⊂ M ; and has transverse double points along C∞-embedded curves in M . These Whitney umbrella sin-
gularities are locally modeled (up to C∞-diffeomorphisms of domain and range) by j (u, v) = (u, v2, uv); (Fig. 1a).
Observe that the set {(0, v) | 0 = v ∈ (−, )} has image {(0, v2,0), v = 0} and hence locally represents j (2P). It
follows that the closure of 2P in M is W ∪ 2P ∪ 3P , a union of C∞-embedded circles, and W defines the set of
terminating double points. Moreover at each point of the closure 3P ∈ cl(2P), there are two curves of double points
which transversally intersect at the pre-image of a triple point (Fig. 2a). A connected component of j (cl(2P)) will be
an embedded closed curve if and only if its pre-image in M is either a pair of circles in M disjoint from T 2P and 3P ,
or the core curve of a Moebius strip or cylinder embedded in M [11]. Otherwise such a component is a C∞-embedded
combinatorial graph whose interior vertices are the images of triple points T = j (3P) where exactly six edges are
adjacent (Fig. 2a), and the remaining vertices are the images of terminating double points T 2P = j (T 2P) where ex-
actly one edge is adjacent (Fig. 1a). The edges are double covered by j : 2P → N . This image j (2P) = 2SI denotes
the double-covered self intersection and j (cl(2P)) = cl(2SI) contains the discrete three-covered set j (3P) = T and
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the one-covered set j (T 2P) = T 2P . Each C∞-circle component S1 ⊂ M of cl(2P) is C∞-mapped (via j :S1 → N )
onto a collection of vertices and edges.
As a second illustration Arnold [1] has shown that Boy’s “stable” topological singularities occur generically for
(wave) fronts in N . (That is to say, let π :G(TN) → N denote the Grassman bundle whose fiber at n ∈ N is the set
of 2-planes in the tangent space TnN , and let (θ) denote its canonical contact structure. A local model is given by
π(x, y, z;p,q) = (x, y, z); θ = dz−p dx − q dy where (x, y, z;p,q) corresponds to the kernel of the covector dz−
p dx−q dy ∈ T ∗(x,y,z)R3. Now a C∞-mapping j :M → N is a front if there exists a C∞-immersion j˜ :M → G(TN),
such that j˜∗(θ) = 0, and j = π ◦ j˜ ). In the appropriate C∞-topology a generic front j :M → N has: an even number
of tail singularities A3 ⊂ M (a.k.a. swallowtails); a finite number of transverse triple points; and double points which
occur along embedded self intersection curves 2P ⊂ M (where the two “tangent planes” (x, y, z;p,q), (x, y, z;p′, q ′)
at (u, v) are transverse i.e., 0 = (p dx+q dy)∧ (p′ dx+q ′ dy)). Here j (2P) is a smooth curve which is topologically
embedded but may fail to immerse at isolated “cusp” points. The tail singularities are locally modeled by j (u, v) =
(u, v3/3 − uv, z(u, v)) where z(u, v) = v4/4 − uv2/2 (Fig. 1b). Again the closure of 2P in M is A3 ∪ 2P ∪ 3P ,
where A3 defines the set of terminating double points, and three curves of double points smoothly extend through
each triple point in N . For this class of mappings Izumiya and Marar [5,6] used algebraic methods to prove the
following fundamental relation.
(2)χ(j (M))= χ(M)+ T 2P/2 + T .
There are natural applications of (2) in the global differential geometry of singular surfaces in Euclidean 3-space [7–9].
In particular, there is a global topological analogue for Gauss’ Theorem Egregium (i.e., part of the extrinsic topology
is determined by the first fundamental form).
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Also, we note in passing that Givental [4] has found another class of stable terminating double points by weakening
the immersion assumption on fronts j˜ :M → G(TN). They are locally modelled by “folded umbrellas”, j (u, v) =
(u, v2, uv3), and relation (2) holds for generic mappings in this class (Fig. 1c).
The objective of this paper is to use descriptive simplicial methods to generalize (2) to C◦-mappings j :M → N
which have conical singularities (Theorem 1, Corollary 2). The sublety lies in the choices of four distinct local
models for j at conical points (i.e., vanishing cycles VC ⊂ M ; which collapse to conical points CP ⊂ N ; or pairs
of disks which are attached at pairs of vanishing points VP ⊂ M); and in the independent choice for the topology
of the j -image (i.e., the “standard cone” VCSTD,V PSTD Figs. 3a, c, or a pair of “intersecting disks” VC2P , VP2P ,
Figs. 3b, d).
As examples of these choices we describe the Euler characteristic of the focal image (Section 3.1) and pedal image
(Section 3.2) of a given C∞-immersed compact orientable surface in Euclidean 3-space. These descriptions are in
terms of geometric properties of the given immersions, and are valid for a C∞-generic (Theorem 3) and C∞-open
(Theorem 4) sets of immersions.
As motivation for “stable” conical singularities consider π :T ∗N → N the cotangent bundle with canonical
2-form ω, and let k :L → T ∗N be a C∞-immersed (Lagrangian) 3-manifold k∗ω = 0, whose projection π ◦k :L → N
has critical set F = { ∈ L | rank(π ◦ k)∗ < 3}. Arnold has shown that generically F ⊂ L is an embedded sub-
manifold with isolated standard conical singularities, and the critical image π ◦ k :F → N has: an even number of
A4-singularities (which define T 2P ); a finite number of transverse triple points; embedded curves of transverse dou-
ble points 2P ; and the image of the conical points π ◦ k(CP ) decomposes as standard cones, and intersecting disks
respectively (compare Fig. 3 and Fig. 15 of [1], where the cuspidal edges passing through the vertex of elliptic and
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a preferred parametrization (e.g., VCSTD versus VPSTD).
Moreover, the key step in our applications is exactly the choice of M and j natural to the question at hand. It
is this ambiguity which distinguishes conical singularities. Specifically given a set S ⊂ N satisfying the axioms of
Section 2 with conical singularities, then there will be many admissible choices of M and j with j (M) = S . For
each such regular parametrization we have the Euler characteristic relation (Theorem 1). In our applications, we
exploit this ambiguity to identify the relation containing relevant information. In particular in Section 3, we use a
height function to admissibly reparametrize j (M) as j ′(M ′) so that the induced level curves on M ′ change in a
simpler manner. The resulting Euler characteristic relation defines a Morse index at the conical singularities of the set
S, (j (M) = S = j ′(M ′)) and a Morse theoretic relation (Theorem 5).
As a historical note, a version of (2) for manifolds with boundary can be found in [10] (compare Corollary 2 below).
2. Main result
Our method will be descriptive simplicial topology. We assume j :M → N is a mapping of a compact surface
without boundary into a 3-manifold whose singularities and self intersections are locally equivalent to the examples
described in the introduction (Figs. 1, 2a, 3). This implies that the image is a simplicial complex. We then construct
triangularizations adapted to the map which encodes the relationship between χ(M) and χ(j (M)).
Specifically we assume: the mapping has pairs of terminating double points T 2P ⊂ M (with j :T 2P → N injec-
tive); transverse triple points 3P ⊂ M (with j (3P) = T a 3 to 1 mapping); the C∞-embedded compact double point
curves 2P ⊂ M have image j (2P) ⊂ 2SI (a double covered embedded submanifold whose closure in N is a graph);
the disjoint conical points CP ⊂ j (M). The set CP has pre-image: isolated vanishing points VP = VPSTD ∪ VP2P
(with j :VP → CP , 2 to 1); and C∞-embedded vanishing cycles VC = VCSTD ∪ VC2P (with j :VC → CP infi-
nite to one on each component cycle). The closure c(2P) contains T 2P ∪ 3P ∪ VP2P (Figs. 1, 2a, 3b)); and each
component of VC2P intersects c(2P) transversally in a pair of points (Fig. 3d); and VP2P ∩ (T 2P ∪ 3P) is empty.
Both VPSTD and VCSTD are disjoint from c(2P). Finally, exactly two C∞-embedded component circles of c(2P)
intersect at each point of 3P . In our applications j will be C∞, except at VP where it will be C0, and all non-
terminating double points will occur transversally. For simplicity of exposition we will impose the above conditions
for the remainder of the paper.
We will now construct a triangularization [V,E,F ]M for M such that: the image [j (V), j (E), j (F)]N defines
a simplicial decomposition [V˜, E˜, F˜ ]N for j (M); a subset of vertices V ′ ⊂ V and edges E ′ ⊂ E defines a simpli-
cial decomposition of c(2P) ∪ VC ∪ VP , and the image [j (V ′), j (E ′),∅]N defines a simplicial decomposition of
j (c(2P) ∪ CP). We refer to such a j :M → N as a stable surface with conical singularities; and [V,E,F ]M is
referred to as an adapted triangularization. In this case
χ
(
j (M)
)= V˜ − E˜ + F˜ = v˜ − e˜ + f˜ ;
χ(M) = j−1(V)− j−1(E)+ j−1(F);
(3)= v − e + f.
Henceforth, we will use lower case to indicate the cardinality of the corresponding vertex, edge and face sets.
Theorem 1. Let j :M → N be a stable mapping with conical singularities then
χ
(
j (M)
)= χ(M)+ T 2P/2 + T − V PSTD/2 + VCSTD + 2VC2P .
(Observe that T = 3P/3, and that V PSTD/2 is the number of standard cones in j (M) which arise from VP -
pairs.)
Proof. We will begin with the simplest case and progressively refine the triangularization until the full theorem is
established.
Case 1: 3P = 0, CP = 0
Here c(2P) ⊂ M is a disjoint union of embedded circles {S1T }∪ {S1T 2P }. The image of {S1T } is a disjoint union
of embedded closed curves of transverse double points. The j -preimage of one component is either a pair of circles
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exactly one pair of terminating double points. The image j{S1T 2P } is a collection of closed intervals whose interiors
are double covered by j : {S1T 2P } − T 2P → N and j :T 2P → N defines a bijection with the intervals endpoints.
Since j (c(2P)) is compact, this exhausts the possibilities.
Now let [V˜, E˜, F˜ ]N triangulate j (M), and also contain [V˜ ′, E˜ ′,∅]N ; (a simplicial decomposition of j (c(2P)).
We may write V˜ ′ = V˜ ′T ∪ V˜ ′T 2P and E˜ ′ = E˜ ′T ∪ E˜ ′T 2P where [V˜ ′T , E˜ ′T ,∅]N and [V˜ ′T 2P , E˜ ′T 2P ,∅]N are simplicial de-
compositions of j{S1T } and j{S1T 2P } respectively. Subdividing if necessary, the pre-image of [V˜, E˜, F˜]N defines a
triangularization [V,E,F ]M which differs, as a set, by: exactly doubling the vertices in V˜ ′T ∪ (V˜ ′T 2P − j (T 2P)); and
doubling the edges in E˜ ′. Hence, if we write v˜ = v˜c + v˜T + v˜T 2P and e˜ = e˜c + e˜T + e˜T 2P (recall the lower case will
be used to denote the cardinality of vertex, edge, and face sets) then by (3) we have
χ
(
j (M)
)= (v˜c + v˜T + v˜T 2P )− (e˜c + e˜T + e˜T 2P )+ f˜ ,
χ(M) = v − e + f,
= (v˜c + 2v˜T + 2(v˜T 2P − T 2P)+ T 2P
)
(4)− (e˜c + 2e˜T + 2e˜T 2P )+ f˜ .
But 0 = χ(j{S1T }) = 2v˜T − 2e˜T and T 2P/2 = χ(j{S1T 2P }) = v˜T 2P − e˜T 2P implies 0 = 2v˜T 2P − T 2P − 2eT 2P .
Hence
χ
(
j (M)
)= v˜c − e˜c + f˜ + T 2P/2,
(5)χ(M) = v˜c − e˜c + f,
and we have (1).
Case 2: CP = 0
Here c(2P) ⊂ M is a (nondisjoint) union embedded circles {S1T } ∪ {S1T 2P } which contain 3P ⊂ c(2P),3P ∩
T 2P = ∅. For each n ∈ T = j (3P) the preimage j−1(n) consists of three points; and exactly two C∞-circle com-
ponents of c(2P) intersect transversally at each of these points. Now we may choose an adapted triangularization
[V˜, E˜, F˜ ] as in Case 1 but with the additional conditions that: T ⊂ V˜ ′; sufficiently near each n ∈ T the triangularization
is homeomorphic to the “3 intersecting kites” of Fig. 2a.
Now we preform a C∞-modification of j :M → N . Remove small open neighborhoods from two of the three
preimages. Glue these two disk boundaries together to form a new cycle in M . The resulting 2-manifold with j (3P)
new cycles is denoted M¯ . Each new cycle is nontrivial in H1(M¯,Z) since one arc of c(2P) which connects the two
preimages in M defines a noncontractable loop in M¯ . Hence
(6)χ(M¯) = χ(M)− 2(3P).
Next the mapping j is modified near each of the removed disks so that two new terminating double points arise for
each element of 3P (Fig. 2b). This defines j¯ : M¯ → N which after a C◦-perturbation can be assumed to be C∞ as in
Case 1. Hence by (5) and (6) we have
(7)χ(j¯ (M¯))= χ(M¯)+  ¯T 2P/2,
= χ(M)− 2(3P)+ (T 2P + 2(3P ))/2,
= χ(M)+ T 2P/2 − (3P).
The proof is complete when we observe that at each of the triple points in j (M) a total of: 2 vertices, 8 edges, and
8 faces have been removed from [V˜, E˜, F˜ ]N by the above modification (Fig. 3b). Hence by (7)
χ
(
j¯ (M¯)
)= (v˜ − 2(3P))− (e˜ − 8(3P))+ (f˜ − 8(3P))
(8)= χ(j (M))− 2(3P)
and we have (2).
Case 3: CP = 0.
(a) VC2P = 0; V P2P = 0
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the triangularizations of Case 2 so that it contains [VSTD,ESTD,∅]M , (i.e., a simplicial decomposition of the cycles
VCSTD; and VPSTD ⊂ V). Since j :VPSTD → N is 2 to 1 and all of the VSTD,ESTD are mapped to vertices (one range
vertex for each cycle in VCSTD) we have
(9)χ(j (M))= χ(M)+ T 2P/2 + T − V PSTD/2 + VCSTD.
(b) VC2P = 0, V P2P = 0.
Here VP2P naturally lies in the interior of c(2P) ⊂ M . We may assume these points also lie in the Case 3
triangularization, and hence have no impact on χ(j (M)).
General Case:
Here the individual cycles in VC2P intersect c(2P) at pairs of points. Each such pair lies on the j -preimage of
one component in c(2P). Thus we modify the triangularization [V,E,F ]M of Case 3b so that the above intersection
points VC2P ∩ c(2P) = V∩ lie in V , and [V,E,F ]N contains [V2,E2,∅], a simplicial decomposition of the cycles
in VC ∪ c(2P). Now since
−χ(VC2P − V∩) = (v2 − V∩)− e2
(10)= −2VC2P ,
and pairs of components of VC2P − V∩ are mapped to a conical point in N it follows from (9) that
(11)χ(j (M))− 2VC2P = χ(M)+ T 2P/2 + T − V PSTD/2 + VCSTD,
and we are finished. 
Example 1. Consider the mapping of the torus into Euclidean 3-space depicted in Fig. 4. The set 2P ⊂ M is a disk
boundary marked by two points of T 2P (VCSTD is a generating cycle). The image is homeomorphic to a pair of 2-
spheres which intersect on an interval. Hence it has Euler characteristic 2 + 2 − 1. This agrees with χ(M) = 0, T =
0, V PSTD = 0, V CSTD = 0, V PSTD = 0 and VC2P = 1 in Theorem 1.
Fig. 4.
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of C∞ curves (possibly with cusps) which may self intersect or pairwise intersect. We assume such a boundary
component j :S1 → N has self intersection points which correspond to points of ∂2P = c(2P)∩ ∂M (i.e., the limit
tangent planes j∗(TpM) at such points must be 2-dimensional and intersect transversally in the tangent space to N ).
Specifically 3P,T 2P,V P , and VC lie in M − ∂M . Thus we may form the double M˜ of M , glue together two copies
of N along neighborhoods of j (∂M) to get a map j˜ : M˜ → N˜ which satisfies the hypothesis of Theorem 1. Since
χ(M˜) = 2χ(M), and χ(j (∂M)) = −∂2P/2 (where ∂2P/2 denotes the number of boundary double points in the
image) we have the following
Corollary 2. Let j :M → N be a stable mapping with conical points and transverse boundary double points as above,
then
χ
(
j (M)
)− χ(j (∂M))/2 = χ(M)+ T + T 2P/2 − V PSTD/2 + VCSTD + 2VC2P .
Example 2. Consider the intersection of the torus j (T 2) in Fig. 4, with a neighborhood of the VC2P -points removed.
The boundary is a pair of circles intersecting in two points. Hence ∂2P/2 = 4/2;χ(M) = χ(T 2) − χ(S1 × R) =
0;χ(j (M))− χ(j (∂M))/2 = 0 + T 2P/2 = 1; and χ(j (M)) = 0.
3. Applications
We will apply Theorem 1 in two settings, the focal image (Section 3.1) and the pedal image (Section 3.2b). In both
cases we begin with a C∞ immersed surface in Euclidean 3-space i : M → E3, and (subject to C∞-open conditions)
associate a singular surface as in Theorem 1. For the focal image all of the conical singularities are of VP -type
whereas for the pedal image they are all of VC-type. In Section 3.3) we compute the (extrinsic) Euler characteristic
of S via a height function h :N → R.
3.1. The focal image
Let i :M → E3 be a C∞-immersed compact oriented surface in Euclidean 3-space with normal ν :M → S2g , Gauss
curvature K and mean curvature H . Its wavefronts (of parallel surfaces) are defined by ρ :M × R → E3, ρ(m, t) =
i(p)+ tν(p). Moreover there is a natural C∞ extension ρ :M ×S1 → P3 = P(E4) (the projectivization of E4) defined
by assigning to the line, t → ρ(m, t) (at each fixed m ∈ M) its “∞-point” on the 2-sphere at infinity (i.e., t ↔ t¯ = 1/t
defines the projective extension of M ×R to M ×S1, where ρ(m, t¯) = [i(m)+ 1
t¯
ν(m),1] ≡ [t¯ i(m)+ν(m), t¯ ] ∈ P3 in
homogeneous coordinates). The critical points of ρ are given by, F = {(m, t¯ ) ∈ M × S1 | −t¯ = −H ±
√
H 2 −K]] =
κ±(m)} where κ±(m) are the principal curvatures of i at m ∈ M . The focal image ρ :F → P3 is a compact singular
surface.
We will write P+,P−, for local vector fields which span the principal line fields corresponding to κ+ and κ−,
respectively. Recall that for a C∞-generic surface i :M → E3 the following holds: dK = d(κ+ · κ−) = 0 on the
parabolic locus {K = 0}; the umbilic locus 0 = H 2 − K = (κ+−κ−)22 is a finite set of points U ⊂ M,U ∩ {K = 0} =∅, where the principle line fields are locally equivalent to the lemon, monstar, or star singularities [12]; the ridge
locus R = {m ∈ M | P+(κ+) = 0 or P−(κ−) = 0} is a union of C∞-embedded cycles in M ; the set of focal-tail
points FT = {m ∈R⊂ M | P+P+(κ+) = 0 = P+P+P+(κ+) or P−P−(κ−) = 0 = P−P−P−(κ−)} is finite. The
nondegeneracy condition on the umbilics implies that F ⊂ M × S1 is a smooth submanifold with nondegenerate cone
points. Hence ρ :F → P3 can be modeled as
(12)j :M+ ∪M− → P3
where j (m) = i(m)− (1/κ±(m))ν(m) is (i.e., the value of j (m) depends on the choice of κ± which is determined by
m ∈ M±). This mapping is C◦ at U+ ∪ U− ⊂ M+ ∪M−, and C∞-otherwise. For such a map j , we have that VC = ∅,
and VP = U+∪U−. The lemon umbilics U ⊂ U , and monstar umbilics Um ⊂ M , define VP2P = (U+ ∪ U+m )∪(U− ∪
U−m ) and the star umbilics Us ⊂ M define VPSTD = U+s ∪ U−s [13]. Summing the indices of the singularities in the
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(13)2χ(M) = U + Um − Us .
Moreover the focal-tail points correspond to A3-singularities in the focal image, and generically these are the only
terminating double point singularities. By Theorem 1 we have the following:
Theorem 3. Let i :M → E3 be a generic immersion, as above, such that j :M+ ∪ M− → P3 has transverse double
and triple points then the Euler characteristic of the focal image is given by
χ
(
ρ(F )
)= χ(j (M+ ∪M−))
= 2χ(M)+ FT/2 + T − Us ,
= U + Um − 2Us + FT/2 + T .
Remark. Regrettably due to the high order information encoded in the focal image it is extremely difficult to explicitly
verify these generic condition for a given immersion.
Example 3. Consider the triaxial ellipsoid x2/a2 + y2/b2 + z2/c2 = 1,0 < a < b < c. From Chapter 16.2 of [12],
we have that: the Ridge curves are the three ellipses lying in the three planes of symmetry; there are exactly four
lemon umbilics on one of these ridge curves; 3P = 0; T 2P = 0;ρ(F ) = j (S2+ ∪ S2−). Hence by Theorem 3,
χ(ρ(F )) = 4.
3.2. The pedal image
Let i :M → E3 be a C∞-immersed compact oriented surface in Euclidean 3-space with normal ν :M → E3. If
we choose an observer point p ∈ E3, not in the image i(M); we then have the pedal map j :M → E3 defined by
j (m) = 〈i(m) − p,ν(m)〉ν(m). The preimage j−1(0) = {m | 〈i(m), ν(m)〉 = 〈p,ν(m)〉} is the same as the set of
points where the ray from p to i(M) is tangent to the image of i. We refer to this set as the contour curves (from p).
This set coincides with the critical points of the projection of i(M) onto the unit sphere centered at p; i.e.,m →
(i(m)−p)/‖i(m)−p‖. For a C∞-open set of immersions i (and points p) these contour curves are disjoint embedded
C∞-curves CC ⊂ M , such that a neighborhood of CC in M has pedal image homeomorphic to a union of cones in
E
3
, which pairwise intersect exactly at p. (See Examples 4, 5 below.)
It is known [2] that for a C∞-generic immersion the singularities of the normal map ν :M → S2 are Gauss folds
and Gauss cusps GC ⊂ M , both of which lie in the parabolic curve {K = 0} ⊂ M , where Gauss curvature is zero.
Moreover if an immersion i is: C∞-generic in this Gauss map sense; C∞-open in the above pedal surface sense,
with CC ∩ {K = 0} = ∅; and j has transverse double points then we will say i is pedal simple at p. This defines
a C∞-open set of immersions and by [2, Theorem 3.1f] the Gauss cusps of ν coincide with the terminating double
points of j . Observe that a triple point 3P ⊂ M for j corresponds to a 2-plane in E3, disjoint from p, which is tangent
to the image i(M) at three points i.e., a tritangent plane. For such a map j we have that V P = 0, V C2P = 0, and
VCSTD = CC (with the qualification that the image of VCSTD consists of one point p, rather than the distinct vertices
of Theorem 1).
Theorem 4. Let i :M → E3 be a pedal simple immersion, as above, so that j :M → E3 has, GC = 0, transverse
double and triple points, then the Euler characteristic of the pedal image is given by
χ
(
j (M)
)= χ(M)+ GC/2 +  (tritangent planes)+ 1;
Proof. Since all of the vertices of the image lie at p ∈ E3 we need only modify the conclusion of Theorem 1 (where
we assumed all of the vertices were disjoint). Since CC-cone vertices are mapped to p, and the cones pairwise
intersect exactly at p, we need only subtract CC − 1 vertices from the left hand side of Theorem 1 to conclude
(14)χ(j (M))= χ(M)+ T 2P/2 + T + VCSTD − (CC − 1);
and we are finished. 
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the conical singularities in the pedal image cannot be modeled by VCSTD or VC2P . However, some variation of
Theorem 4 should hold for a larger set of immersions i, and observer points p.
Example 4. Consider a strictly convex sphere i :S2 → E3 with p lying in the complement of its convex hull. The pedal
image consists of an hour glass shape with one conical singularity at the narrow point, and is homeomorphic to two
embedded spheres joined at the conical point p. Hence its Euler characteristic is 2 + 2 − 1 = 3. Since {K > 0}, i(S2)
has no gauss cusps, and there are no tritangent planes, by Theorem 3 we have χ(j (S2)) = 2 + 0 + 0 + 1 = 3. If p is
chosen to lie inside the sphere then CC = 0 and χ(j (S2)) = χ(S2).
Example 5. Consider a torus of revolution with observer point on its axis and near the surface. Hence there are two
latitudinal contour curves, and the pedal image is a pair of annuli glued to a nested pair of cones with a common
vertex (i.e., a rotated “figure eight”). Hence χ(j (T 2)) = 0 + 0 + 1; but the number of tritangent planes is “infinite”
(i.e., the tritangentancy is degenerate). However, if we deform this immersed torus slightly to a tube about (cost,
sint,  sin(2t)),  > 0, then following Example 5 of [2] this torus has four gauss cusps and two tritangent planes. For
suitable , and observation point p, there are two contour curves, and the conical singularities in the pedal image are
locally homeomorphic to the rotationally symmetric case. Thus by Theorem 3 the Euler characteristic of this pedal
surface is 0 + 4/2 + 4 + 1 = 7.
3.3. Extrinsic Morse indices
Here we are given a set in N which is the C∞ image S = j (M) of a stable surface with conical singularities.
Consider a C∞-function h :N → R with dh = 0 on a neighborhood of S . We now have a 1-parameter family of
level curves LCt = {n ∈ S | h(n) = t} = h−1(t) ∩ S, t ∈ R, which change as h−1(t) intersects the singularities of
j (M). Subject to mild regularity assumptions on h we will assign an “extrinsic Morse index” to each such singular
intersection point, and then use Corollary 2 to compute the Euler characteristic of S ∩ h−1[a, b] = Sba , (a singular
hypersurface with boundary). We will say t ∈ R is a regular value if LCt ∩ j (T 2P ∪ CP) is empty and h has no
critical points in LCt . In this case LCt is a collection of C∞-immersed closed curves.
We assume that the level curves near a local minimum (MN), saddle (S), or maximum (MX) point are homeo-
morphic to the standard Morse function models. (They need not be diffeomorphic where j has “edge” singularities.)
Specifically through any point of T 2P ∪T ∪CP there is a curve along which h◦j is strictly increasing. That is to say:
Near a triple point T ⊂ S the level curves describe a standard Rademiester triple crossing move (R). At n ∈ T 2P ⊂ S
we assume ker(dhn) intersects the image of j∗, and the limiting tangent vector of the arc of double points transver-
sally. (Such a limiting vector exists by the diffeomorphism models in Section 1.) The level curves at such a terminating
double point describe a small loop formation or destruction (L). Near a conical point n ∈ j (CP ) ⊂ S the behavior is
more subtle. If n ∈ j (V P2P ∪VC2P ) then ker(dhn) will typically intersect the double disks “transversally” and there
will be no significant change in the level curves near n. However, if n ∈ j (V PSTD ∪VCSTD) then we may have elliptic
(ECS) or hyperbolic (HCS) conic section. The level curves near the former will be a closed curve which contracts to
a point and re-expands. Whereas near the latter a pair of disjoint arcs will approach, touch, and separate. For a choice
of regular values a, b ∈ R let (mn), (s), (mx), (r), (), (ecs), (hcs) denote the number of respective singular points
which lie in Sba = h−1[a, b] ∩ S .
Theorem 5. Let S be the image of a stable mapping with conical singularities and let h :N → R be a height function
as above. For all regular values a, b,
χ
(Sba
)− χ(LCa)− χ(LCb) = (mn)− (s)+ (mx)+ (r)+ ()/2 + (ecs)− (hcs),
and for a = −∞, b = +∞,
χ(S) (mn)+ (mx)+ (r)+ ()/2 + (ecs).
Proof. We preform a localized surgery on j :M → N to construct a new manifold and mapping j ′ :M ′ → N for
which Corollary 2 implies Theorem 5. First we may remove all components of VC2P and replace each by a pair of
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immersed disks without introducing new critical points. Second, we locally reparametrize each ECS-point as a VCSTD,
and define j ′(M ′) to locally parametrize a cylinder S1 ×R which is near the given ECS-cone (see Fig. 5a). Third, we
locally reparametrize each HCS-point as a VPSTD, and define j ′(M ′) to locally parametrize a pair of disks which are
near the given HCS-cone (see Fig. 5b). In both cases no new h-critical points are introduced, the boundary level curves
are unchanged, and (), (r) remain the same. Hence χ(M ′) = (mn) − (s) + (mx), and we may apply Corollary 2 to
j ′ :M ′ → N with CP = 0. Now we construct a C∞-deformation js :M ′ → Ns ∈ [0,1], jo = j ′, j1(M ′) = j (M) =
S by pushing the S1 × R’s, and the disk pairs onto the VCSTD and VPSTD cones respectively. This changes the Euler
characteristic of the image by +1 for each ECS-cone and by −1 for each HCS-cone. Since the remaining singular
points and boundary level curves are unchanged, we are finished. 
Example 6. Consider a cyclide of Dupin in E3. This is a deformed “torus of revolution” whose shorter cycle has been
pinched off to a single standard conical singularity. It has χ(j (T 2)) = 1, and retains a plane of symmetry perpendicular
to the original axis of revolution. Choose two orthogonal linear height functions, whose kernel contains this axis, so
that the first has an elliptic conical singularity and the second has a hyperbolic conical singularity. For the first we
have (mx) = 1 = (mn), (s) = 2, and for the second (mx) = 2, (mn) = 1, (s) = 1.
Example 7. Consider M = T 2 − (S1 × R) given in Example 2 with the level curves of h :R3 → R given in Fig. 4.
Here (mx) = 1, (s) = 1, () = 2, χ(∂M)/2 = −1 and χ(j (M)) = 1 − 1 + 2/2 − 1.
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